abstract. In this paper we prove that, under an explicit integral pinching assumption between the L 2 -norm of the Ricci curvature and the L 2 -norm of the scalar curvature, a closed 3-manifold with positive scalar curvature admits a conformal metric of positive Ricci curvature. In particular, using a result of Hamilton, this implies that the manifold is diffeomorphic to a quotient of S 3 . The proof of the main result of the paper is based on ideas developped in an article by M. Gursky and J. Viaclovsky.
Introduction
Ever since Poincaré asked his now famous question about the 3-sphere, mathematicians have been absorbed by the problem of trying to capture the topological or geometrical properties of a manifold by its metric structure. One of the basic questions is: under which conditions on the curvature tensor a Riemannian manifold is homeomorphic (or diffeomorphic) to a space form (a manifold of constant sectional curvature)? In 1951 H. E. Rauch introduced in [15] the idea of curvature pinching for Riemannian manifolds and posed the question whether a simply connected compact manifold M n whose sectional curvatures all lie in the interval (1, 4 ] is necessarily homeomorphic (or diffeomorphic) to the standard sphere S n . A result of this type is usually referred to as a Sphere Theorem. After a lot of research in this field, we know that the answer is positive, due to the works of Berger and Klingenberg for the topological statement and Brendle-Schoen [2] for the more general result on the differentiable sphere theorem, namely: Theorem 1.1 (The Sphere Theorem) (Brendle-Schoen [2] ) Let (M, g) be a compact Riemannian manifold with 1/4-pinched curvature (that is (M, g) has positive sectional curvature and the ratio of the minimum and the maximum of the sectional curvatures is always strictly bigger than a quarter). Then M admits a metric of constant sectional curvature, therefore is diffeomorphic to a spherical space form.
In two dimension, due to Koebe and Poincaré, the Uniformization Theorem for surfaces asserts that any compact (orientable) surface M , admits a Riemannian metric g of constant curvature k g = +1, 0, −1. Moreover, according to the Gauss-Bonnet formula, for every metric g, one has
hence, any surface belongs to a unique geometric type (spherical, Euclidean or hyperbolic) determined by the topology (namely the Euler-Poincaré characteristic χ(M )). In other words in two dimensions an integral pinching condition (as the positivity of the above integral) implies the geometrical conclusion, encoded in the Euler-Poincaré characteristic, that the manifold is diffeomorphic to a spherical space form.
In the present work we will concentrate on similar kind of results in dimension higher than two, with particular attention to the following question: is it possible, like in the case of surfaces, to characterize spherical space forms by looking at an integral pinching condition instead of a pointwise one? The first attempt in generalizing a pointwise to an integral pinching condition was done by S.-Y. A. Chang, M. Gursky and P. C. Yang in [4] . They showed that the sphere in dimension four can be characterized by an integral curvature condition. Later on M. Gursky and J. Viaclovsky [12] gave a simpler proof of this theorem Theorem 1.2 (Chang-Gursky-Yang [4] -Gursky-Viaclovsky [12] ) Let (M 4 , g) be a closed Riemannian 4-manifold with positive scalar curvature. Assume that
Then M admits a metricg conformal to g such that Rcg > 0.
In this paper we extend to the case of three manifolds the technique used in [12] in order to prove this Theorem. Our proof is heavily based on the proof given by M. Gursky and J. Viaclovsky [12] of the theorem stated above. Before stating our main result it will be useful to recall some well-known facts. In 1982, Hamilton [13] introduced the Ricci flow in order to study "dynamically" the relationships between topology and curvature of manifolds. He proved that the metric of any 3-dimensional compact manifolds with positive Ricci curvature can be deformed, via the Ricci flow, into a metric of constant positive sectional curvature (and it follows that the manifold is diffeomorphic to a spherical space form).
In dimension three and in presence of positive scalar curvature, the positivity of the Ricci tensor is implied by a pointwise pinching condition as
g . What we prove here is that this pinching condition can be replaced by an integral one. Here is our main result: Theorem 1.3 Let (M, g) be a closed 3-dimensional Riemannian manifold with positive scalar curvature. If
then there exists a metricg conformal to g such that Rcg is everywhere positive. In particular, using a result of Hamilton [13] , it follows that M is diffeomorphic to a spherical space form.
Let us emphasize the fact that, in our results, we don't make any assumption on the positivity of the Ricci tensor, we only assume that its trace is positive and a pinching on its L 2 -norm. During the preparation of the manuscript of this paper, we learned that Y. Ge, C.S. Lin and G. Wang [6] proved a weaker version of our Theorem , namely they prove that if (M, g) is a closed 3-dimensional Riemannian manifold with positive scalar curvature and if
diffeomorphic to a spherical space form. Their proof is completely different from ours since they use a very specific conformal flow.
There is a way to relate these result to the so-called Q-curvature (the curvature associated to the Paneitz operator). The Paneitz operator introduced by Paneitz in [14] has demonstrated its importance in dimension 4 (see for example Chang-Gursky-Yang [3] and [4] ). In dimension 3, the Q-curvature is defined by
the Paneitz operator being defined (in dimension 3) by
The Paneitz operator satisfies the conformal covariant property, that is, if
. We can now state the Corollary (here [g] stands for the conformal class of g):
) be a closed 3-dimensional Riemannian manifold with non-negative Yamabe invariant. If there exists a metric g ∈ [g] such that the Q-curvature of g satisfies
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Ellipticity, upper bound and gradient estimate
Consider (M, g), a compact, smooth, 3-dimensional Riemannian manifold without boundary. Given a section A of the bundle of symmetric two tensors, we can use the metric to raise an index and view A as a tensor of type (1, 1), or equivalently as a section of End(T M ). This allows us to define σ 2 (g −1 A) the second elementary function of the eigenvalues of g −1 A, namely, if we denote by λ 1 , λ 2 and λ 3 these eigenvalues
In this paper we choose the tensor (here t is a real number)
R g g (see [1] ). Hence, with our notations,
) denotes the second elementary symmetric function of the eigenvalues of g
.
An important fact that will be useful is that if g has positive scalar curvature then
For the proof of our main Theorem, we will be concerned with the following equation for a conformal metricg = e −2u g:
where f is a positive function on M . A simple computation, similar to that in [12] , shows that this equation is equivalent to
Following [12] , we will discuss the ellipticity properties of equation (1).
We view the second elementary symmetric function as a function on R 3 :
and we define Γ
where σ 1 (λ 1 , λ 2 , λ 3 ) = λ 1 + λ 2 + λ 3 denotes the trace.
For a symmetric linear transformation A : V → V , where V is an n-dimensional inner product space, the notation A ∈ Γ + 2 will mean that the eigenvalues of A lie in the corresponding set. We note that this notation also makes sense for a symmetric 2-tensor on a Riemannian manifold.
where V is an n-dimensional inner product space. The first Newton transformation associated with A is (here I is the identity map on V ) T 1 (A) := σ 1 (A) · I − A. Also, for t ∈ R we define the linear transformation
We have the following:
Proof The proof of this proposition, adapted in dimension 3, may be found in [12] .
Throughout the sequel, (M, g) will be a closed 3-dimensional Riemannian manifold with positive scalar curvature. Since R g > 0, there exists δ > −∞ such that A 
where
Proposition 2.5 (Upper bound) Let u t ∈ C 2 (M ) be a solution of (2) for some t ∈ [δ, 2/3]. Then u t ≤δ, whereδ depends only on (M, g).
Proof From Newton's inequality √ 3σ
. Let p ∈ M be a maximum of u t , then using the fact that
since the gradient terms vanish at p and (∆u t )(p) ≤ 0,
Since t ≥ δ, this implies u t ≤δ, for someδ depending only on (M, g).
Proposition 2.6 (Gradient estimate) Let u t ∈ C 3 (M ) be a solution of (2) for some δ ≤ t ≤ 2/3. Assume that u t ≤δ. Then ∇ g u g,∞ < C 1 , where C 1 depends only on (M, g) andδ.
The proof of this lemma can be found in the paper Gursky-Viaclovsky [12] .
Remark 2.7
Note that we will use this proposition withδ given by Proposition 2.5 and then, sinceδ depends only on (M, g), we infer that C 1 only depends on (M, g).
Lower bound
For the lower bound, we need the following lemmas: Lemma 3.1 For a conformal metricg = e −2u g, we have the following integral transformation
Proof The proof of this relation being contained in the paper Ge-Wang [7] we omit it.
In the sequel of the proof, we will need the following proposition (see [12] for the proof)
Going on with the proof for the lower bound, we have the Lemma:
2 , then we have the following estimate
2 , by Proposition 3.2, we get
Hence we get
Applying this to ∇ g u we obtain
Using the conformal transformation law of the tensor A 1 g , integrating over M , we have the result. Now we are able to prove the following lower bound (recall that C 1 is given by Lemma 2.6) Proposition 3.4 (Lower Bound) Assume that for some t ∈ [δ, 2/3] the following estimate holds
Then there exists δ depending only on (M, g) such that if u t ∈ C 2 (M ) is a solution of (2) and if
)g, we easily have that
Lettingg = e −2ut g,
Integrating this with respect to dV g , we obtain
), C depends only on (M, g)). Using the fact that
Notice that, since A t ut ∈ Γ + 2 , we have
and so Rg > 0. By Lemma 3.3, we obtain
By Young's inequality, one has
for all ε > 0. By an easy computation, we have
where P 2 (t) is a positive, second order, polynomial in t. Putting all together, we obtain (for C > 0 depending only on (M, g))
Now using Young's inequality and the conformal change equation of the scalar curvature, we get (for a certain C > 0 depending only on (M, g))
We choose ε = ε(t) > 0, such that
One can easily check that, with this choice,
Finally, recalling that according to lemma 2.6 ∇ g u t g,∞ ≤ C 1 with C 1 depending only on (M, g), we obtain the following estimate (for a certain C > 0 depending only on (M, g))
Consider the following quantity:
We let, for g = e −2ϕ g, i(g ) := M R 2 g e −ϕ dV g . As one can easily check, if two metrics g 1 and g 2 are homothetic, then i(g 1 ) = i(g 2 ). So, we have
Take ϕ ∈ C ∞ (M ) such that, for g = e −2ϕ g, V ol(M, g ) = 1 and such that |∇ g ϕ| g ≤ C 1 where C 1 is given by Proposition 2.6. Since V ol(M, g ) = 1, if p is a point where ϕ attains its minimum we have
and then, there exists C 0 depending only on (M, g) such that ϕ(p) ≤ C 0 . Now, using the mean value theorem, it follows since |∇ g ϕ| g is controlled by a constant depending only on (M, g), that max ϕ ≤ C 0 where C 0 depends only on (M, g). Using this, we clearly have that
Using Hölder inequality and the definition of the Yamabe invariant, we get (recall that V ol(M, g ) = 1) 2 . Applying a Lemma due to Gursky [9] , since Y (M, g and R g ≡ 0, we deduce, using the expression giving Q g , that Ric g ≡ 0 and then M is diffeomorphic to a quotient of R 3 . This ends the proof of the Corollary.
